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Abstract. In this article, we study the Ising vectors in the vertex operator algebra 
associated with the Leech lattice A. The main result is a characterization of the Ising 
vectors in . We show that for any Ising vector e in , there is a sublattice E = V2Eg 
of A such that e S Vg. Some properties about their corresponding r- involutions in the 
moonshine vertex operator algebra are also discussed. We show that there is no Ising 
vector of cr-type in . Moreover, we compute the centralizer C^ ut yt, {z, r e ) for any Ising 
vector e S V^", where z is a 2B element in Aut which fixes V£ . Based on this result, 
we also obtain an explanation for the 1A case of an observation by Glauberman-Norton 
(2001), which describes some mysterious relations between the centralizer of z and some 
2A elements commuting z in the Monster and the Weyl groups of certain sublattices of 
the root lattice of type Eg . 



1. Introduction 

The study of vertex operator algebras (VOAs) as modules of the rational Virasoro VOA 
L (|, 0) was first initiated by Dong, Mason and Zhu [6J. Partially motivated by their work, 
Miyamoto [13] introduced the notion of an Ising vector (i.e., a Virasoro vector of weight 
2 which generates a copy of the rational Virasoro VOA L (^,0) inside a VOA). He also 
developed a simple method to construct involutions of the automorphism group from Ising 
vectors. Such an automorphism is often called a Miyamoto involution or a r-involution 
and is very useful for studying the automorphism groups of VOAs. Therefore, it is really 
natural to characterize all Ising vectors in VOAs. For example, all Ising vectors in VOAs 
associated with binary codes and the VOAs V% R associated with root lattices R were 
described in [HJ. It was also conjectured that if L is an even lattice without roots, then 
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any Ising vector in V£ is contained in a subVOA for a sublattice U of L isomorphic 
to y /2A 1 or y/2E 8 . 

The moonshine VOA constructed by Frenkel-Lepowsky-Meurman [7] is one of the 
most important examples of VOAs, which can be written as 

where is the fixed point sub VOA of the Leech lattice VOA V\ by an automorphism 9 
induced from the isometry (3 h- > — (3, (3 G A, V£ is the unique irreducible ^-twisted module 
of Va and V^' + is the fixed point subspace of V£ by an automorphism induced from 9. 
By the construction, there is a natural involution z G Aut such that = 1 and 
z\ v t,+ = — 1 and this automorphism z belongs to the 2B conjugacy class of the Monster 
group. 

On the moonshine VOA V\ Miyamoto showed that r-involutions correspond to the 2A 
involutions of the Monster group and that there is a one to one correspondence between 
2A-involutions of the Monster group and Ising vectors in by using the results in 
PQ. This gives an approach to explain some mysterious phenomena associated with 2A- 
involutions of the Monster group by using the theory of VOAs. For example, the McKay 
observation on the affine .Eg-diagram has been studied in [12] using Miyamoto involutions. 
In this perspective, the explicit description of Ising vectors in V* may provide some new 
insights on these phenomena. 

In this article, we shall study the Ising vectors in the VOA V£ . The main result is 
a characterization of all Ising vectors in V£ . In particular, the conjecture in [TTJ on a 
characterization of Ising vectors in holds when L is isomorphic to the Leech lattice A. 
In addition, some properties about the corresponding r-involutions of these Ising vectors 
in the moonshine VOA will be discussed. We also show that there is no Ising vector of 
cr-type in V\ In other words, the involution r e is non-trivial for any Ising vector eG^l 
Moreover, we compute the centralizer C^ utv ti(z, r e ) of z and the r-involution r e in the 
automorphism group of for an Ising vector e G V£ . It comes out that if e is obtained 
from some sublattice E = \/2E 8 in the Leech lattice, then the centralizer C AutV ^ (z, r e ) 
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also stabilizes the subVOA Vg and C xutv^ije, z) acts on V^" as the orthogonal simple 
group fl+(8,2). 

It is well-known that the products of any two 2A-involutions of the Monster simple 
group M fall into one of the following nine conjugacy classes [TJ [2]: 

1A, 2A, 3A, 4A, 5A, 6A, 4B, 2B, or 3C. 

John McKay observed there is an interesting correspondence between these nine con- 
jugacy classes of M and the nine nodes of the extended Dynkin diagram E$ as follows: 



3C 



1A 2A 3A 4A 5A 6A 4B 2B 

In Glauberman- Norton [9], several other patterns and mysterious properties related to the 
Dynkin diagram were discussed. Among other things, they noted that the centralizer of a 
certain subgroup generated by two 2A-involutions and one 25-involution in the Monster 
simple group appears to have a quotient which is isomorphic to the "half of the Weyl 
group of the sub-diagram of E 8 with the relevant node removed. 

In our case, the 2/1-involutions are t €e and t £e and the 25-involution is z. Then, 
T e r e = 1 is of the class 1A. The subdiagram with the 1A node removed is of the type 
E$ and the Weyl group is of the shape 2.f2 + (8, 2). 2. By our method, the centralizer 
C AutV k(z, r e ) stabilizes the subVOA V% and acts on V% as fi + (8, 2), which is the quotient 
of the commutator subgroup of the Weyl group of E 8 by its center. It explains the 1A 
case of the observation by Glauberman and Norton. We believe that this is a first step 
toward a complete understanding of the observation of Glauberman and Norton. 
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Notation. Let Q denote the set {1, 2, ... , 24}. We view the power set V(Q) of Q as a 
24-dimensional vector space over F2 naturally. For a lattice L, let L(m) denote the set of 
vectors in L of squared norm 2m, namely L(m) = {v E L \ (v,v) = 2m}. 

2. VlRASORO VOA AND ISING VECTORS 

In this section, we shall recall some basic facts about Virasoro VOAs and Ising vectors. 
We shall also review the construction of Miyamoto automorphisms. 

Let Vir = (0 ngZ CL n ) © Cc be the Virasoro algebra. Then L n 's satisfy the famous 
commutator relation 

[L m , L n ] = (m- n)L m+n + -^(m 3 - m)5 m+ni0 c. 

Let L (c, h) be the unique irreducible highest weight module of Vir with central charge c 
and highest weight h. That means L (c, h) is generated by a vector v such that L n v = 
for n > 0, Lqv = hv and cv = cv. It was shown by Frenkel-Zhu [8j that L(c, 0) is a 
simple vertex operator algebra. If c = c m — 1 — ( m+2 ) 6 ( m+ 3) ; m = 1; 2, 3, ... , then L(c m , 0) 
has a unitary form and it is a rational VOA, that means L(c m , 0) has only finitely many 
irreducible modules and all L(c m , 0)-modules are completely reducible (cf. [6| [16]). 

When c = c\ = |, the VOA 0) has exactly three inequivalent irreducible modules, 
namely, L (|, 0) , L (|, |) and L (|, ^L), and its fusion rules are given as 

l G'O xl G's) =l G's)' 

V2' 16 y V 2 16 / V 2 / V 2 2 / 

and L (g, 0) acts as an identity. 

Definition 2.1. A weight 2 element e £ V2 is called an Ising vector if the vertex subalge- 
bra VA(e) generated by e is isomorphic to the simple Virasoro VOA 0) and e is the 
Virasoro element of VA(e). 
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Next we shall review the definition of Miyamoto involutions. Let e be an Ising vector. 
Since VA(e) = L(~,0) is rational, we have the isotypical decomposition 

v = v e (o)®v e (l)®v e (h, 

I lb 

where V e (h) denotes the sum of all irreducible VA(e)-submodules of V isomorphic to 
L(i, h), h — 0, |, An Ising vector e is said to be of a-type if V e (^) = 0. 
The following result was first proved by Miyamoto [13] : 

Theorem 2.2. Let V be a VOA and e G V an Ising vector. Then the linear map 
r e : V — > V defined by 

I on V e (0) © V e {\) 



-l on v;(i; 



is an automorphism of V. 

If r e = id, namely e is of a-type, then the linear map a e : V — > V defined by 



1 on V e (0) 



-1 on V e {\) 



is an automorphism of V . 

Remark 2.3. Note that the automorphism r e can also be defined by 

r e = exp(167nei), 
where exp(x) = Y.n=o and Y ( e ' z ) = E„ 6 z e nZ~ n ~ l , e n G End V. 

3. Lattice VOA and its Z 2 -orbifold 

Our notation for lattice VOAs here is standard (cf. [7]). Let L be a positive definite 
even lattice with inner product ( • , • ). Then the VOA Vl associated with L is defined 
to be M(l) © C{L}. More precisely, let F) = C ®% L be an abelian Lie algebra and 
() = p, gj C[M -1 ] © CK" its affine Lie algebra. Let (p = f) <g> r 1 ^ -1 ] and let S((r) be 
the symmetric algebra of f)~. Then M(l) = = C[a(n) \ a G f), n < 0] ■ 1 is the 

unique irreducible (^-module such that a{n) ■ 1 = for a G f), n > and X = 1, where 
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a{n) = a ®t n . Moreover, C{L} = span c {e Q | a G L} is a twisted group algebra of the 
additive group L such that e a e fS = (-l)***'® eP e a . Note that M(l) is a subVOA of Vt,. 

The twisted group algebra C{L} can be described by using central extension. Let (k) 
be a cyclic group of order 2 and 

1 — > («> — > L— — ► 1 

a central extension of L by (k) with the commutator map co(a,/3) = (ct,/3) mod 2 for 
any a, [3 £ L. Let L — > L, a i— > e Q be a section. Then the twisted group algebra 

C{L} ^ C[L]/(k + 1) = span c {e Q | a G L}, 

where C[L] is the usual group algebra of the group L. 

Let 6 : L — > L be an automorphism of L defined by 0(a) = a _1 K^ a,a ^ 2 . Then it induces 
an automorphism of Vj, by 

0(ai(-Tn) ■ ■ ■ a k (-n k )e a ) = (-lfa^-m) ■ ■ ■ a k (-n k )6(e a ). 

Let V£ — {v G Vl I #(f ) = ^} be the fixed subspace of 6* in V L . Then V^" is a subVOA 
and is often called a ^-orbifold. 

For any sublattice E of L, let CjE 1 } = span c {e a G C{L} | a G £7} be a subalgebra of 
C{L} and let = C®zE be a subspace of f) = C®zL. Then the subspace S'(^)®C{£?} 
forms a subVOA of Vx and it is isomorphic to the lattice VOA Ve- 

Next, we shall review the constructions of some Ising vectors in a lattice VOA Vj> The 
action of the corresponding r-involutions will also be discussed. Recall that two elements 
e, / in a VOA are said to be mutually orthogonal if Y(e, z)f = Y(f, z)e = 0. 

Theorem 3.1 (cf. |6J). Let a G L(2). Then the elements uo + {a) anduj~{a) defined by 
are two mutually orthogonal Ising vectors. 



The following proposition is easy: 
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Proposition 3.2. Lei a G L(2). Then the automorphisms Tu+( a ) and r w -( a ) 0/ Vl are 
egwa/ to y? a jro en fry 

<p a (u <g> e' 3 ) = (-l)< a,/3) u ® e' 3 /or u G M(l) and /3 G L. 

If L contains a sublattice isomorphic to V2E 8 , then there is another class of Ising 
vectors in Vl- 

Theorem 3.3 (cf. [5]). Let E C L be a sublattice isomorphic to V2E 8 . Then the Virasoro 
element of Ve is given by 



— y a(-l) 2 -l 



u - 

240 

a&E{2) 



and the element ce defined by 



16 32 



is an Ising vector. 



Remark 3.4. Note that the Ising vectors ^(a) and ce are clearly contained in the orbifold 



VOA V£ 



The following theorem can be found in [12 



Theorem 3.5. Let E = y2Eg. Then r eE is equal to 6 in Aut Ve- In particular, t Ce = id 
on Vg". 

Now let L be a positive definite even lattice and let 

L* = {a G Q ® z L I (a, (3) G Z for all /3 G L} 
be the dual lattice of L. For x G L*, define a Z-linear map (p x : L — > Z 2 by 

( Px(y) = (x,y) mod 2. 

Clearly the map 

V? : Z* — ► Hom z (L, Z 2 ) 
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is a surjective group homomorphism and kenp = 2L*. Hence, we have Hom^(L,Z 2 ) = 
L* /2L*. For a G L*, ip a induces an automorphism of Vl given by 

(p a (u ® e p ) = (-l)< a >®u ® e p for u G M(l) and G L. 

Now suppose L = E = y/2E 8 . Then = \E and E* /2E* = \E/E = E 8 /2E 8 . For 
x E E* = \E, 

V'M = -tfS + $2 E (-l) <X ' a> (e Q + ^(e a )) 

aeE(2) 

is also an Ising vector in and we have 256(= 2 8 ) Ising vectors of this form. Since tp x 
commutes 9, r^( CB ) = 9 on Ve and t^^) = id on V^" also. 

Remark 3.6. It was shown in [3] that Eg/2Eg contains one class represented by 0, 120 
classes represented by a pair of roots ±a, and 135 classes represented by 16 vectors 
forming a 4-frame of E 8 , i.e., a subset {±«i, . . . , ±«s} C S 8 such that (a i: aij) = 4<5jj, 
i,j = 1,...,8. 

4. Leech Lattice and automorphism group of V£ 

In this section, we will review the automorphism group of A and for the Leech 
lattice A. 



4.1. Leech lattice and automorphisms. In this subsection, we will review some basic 
properties of the Leech lattice A and its automorphism group Coq. Our notation mainly 
follows that of Conway-Sloane [3]. 

Let C C P(p£) be the extended binary Golay code of length 24. A codeword O G C is 
called an octad if \0\ = 8 and a dodecad if \0\ = 12. The automorphism group of the 
Golay code C is the Mathieu group M 2 4 and it acts transitively on octads. Note also that 
C is generated by octads and there are exactly 759 octads in C. 

Let {ei | % G Q} be an orthogonal basis of M 24 of squared norm 2. 
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Theorem 4.1 ([3J). The Leech lattice A is a lattice of rank 24 generated by the vectors: 

—ex ', X is a generator of the Golay code C, 
1 

- ei , 
ej ± tj , i,j eQ 

where e x = J2iex e i- 

Definition 4.2. A set of vectors {±«i, . . . , ±0:24} C A is called an n-frame of A if 
(ctj, <x,-) = for all i,j G {1, . . . , 24}. 

For example, {±2ei, . . . , ±2e24} is an 8- frame of A and {±(e2i_i ± e2i) | i = 1, ■ ■ ■ , 12} 
is a 4-frame of A. 

Lemma 4.3. (cf. j3]) .Am/ vector in A(2) is contained in a A-frame of A. 

Proof. Since {±(e2i-i±e2i) | i = 1, . . . , 12} is a 4-frame of A and the automorphism group 
Coq of A acts transitively on A(2), we have the desired result. □ 

Note that the Leech lattice A has no vectors of squared norm 2 and is generated by the 
vectors of squared norm 4. 

Let T = {±2«i, . . . , ±2^24} be an 8-frame of A. Then {a±, «2, • • • , 0^24} is an orthogonal 
basis of M 24 such that (aj, a>j) = 2dij. 

Denote 

Cjr={Scn = {l,2,...,24:} 



ies 



It is well-known (cf. [31 [10]) that Cjr is isomorphic to the binary Golay code C. The Leech 
lattice A will then be generated by the vectors of the form 

1 1 1 1 

2oii, cti ± otj, -as = -2^««) and -a n - a it 

ieS 

where i,j G Q and S G C. 

For any permutation tt of Q, n defines an isometry of M 24 by 7r(oti) = a^. If vr(Cjc-) = Cp, 
then 7r also defines an automorphism of A. Let S be a subset of Q. Then we can also 
define an isometry Eg : M 24 — > M 24 by Sg(ai) = — a« if z G £ and £5(0:1) = aj if z ^ S 1 . 
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The involutions in the Conway group Coq can be characterized as follows: 

Theorem 4.4 ((31 HO])- There are exactly 4 conjugacy classes of involutions in Coq. 
They correspond to the involutions Eg , where T is an 8-frame and S G C is an octad, 
the complement of an octad, a dodecad, or the set Q. Moreover, the sublattice {v G A | 



the Barnes-Wall lattice of rank 16. 

Note that the center of the Conway group Co is the cyclic group (±1). The quotient 
group Co\ = Co /(±1) is a simple group and it has 3 conjugacy classes of involutions, 
namely 2 A, 2B, and 2C (cf. 0). 

Proposition 4.5 ([21 [3]). Let g be an involution of Co\ and g a lift of g in Coq. 

(1) If g is of class 2A, then g = Eq or £q +0 for some octad O and an 8-frame T . 

(2) If g is of class 2B, then g is of order 4. 

(3) If g is of class 2C , then g = for some dodecad S and an 8-frame T . 

Now, we shall consider the embeddings of the lattice \/2E 8 into the Leech lattice A. 
First we shall construct some sublattices isomorphic to V2E 8 in A. 

Let T = {±2«i, . . . , ±2a 2 4} be an 8-frame of A. Then {a 1; a 2 , . . . , 024} is an orthogonal 
basis of R 24 such that (on, af) = 25ij. 

Lemma 4.6. Let O G Cjr be an octad and denote 



K idO ) 

where i,j G O and e« = ±1 such that Yli^o e * = x - Then Ejr(0) is isomorphic to \p2E%. 
Theorem 4.7 ([10]). The Conway group Coq is transitive on the set {E C A \ E = \/2E%) 




= —v 



} is isomorphic to \/2E 8 , BW16, V2D12 and A respectively, where BW16 is 




of sublattices of the Leech lattice isomorphic to V~2E 8 . 



As a corollary, we have the following proposition. 



Proposition 4.8. Let E C A be a sublattice isomorphic to V2E 8 . Then there exists an 
8-frame J 7 of A and an octad O G Cjc such that E^(O) = E. 
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Proof. Fix an 8-frame JF = {±/?i, ■ ■ • , ±/3 2 4} and an octad O E Cp . For any E = V2E 8 , 
there is g E Aut A such that g(E) = Ej? (O). Then T = {±g~ 1 (J3 1 ), . . . ,±g- x (J3 M )} 
forms an 8-frame of A and E is clearly equal to E^(0), where we regard O as an element 
in C T . □ 

Lemma 4.9. (cf. [31 [10]) For each E = V2E$ C A, there exists 135 distinct 8-frames T 
of A such that E = E T (0). 

Proof. Let T§ be an 8-frame of E. Then JF forms a coset of E/2E and, is contained in 
a coset of A/2A. This implies that there exists a unique 8-frame of A such that JF c T 
(cf. [3J [10]). It follows from Remark 13.61 that E contains exactly 135 distinct 8-frames, 
which proves this lemma. □ 

4.2. Automorphism group of V£ . The full automorphism group of has been de- 
termined in [15] . We shall recall its main results. 
Let L be a positive definite even lattice and 

1 — ► (k) — > L—^L — > 1 

a central extension of L by («) = Z 2 such that the commutator map Cq(q;, 0) = (a, (3) 
mod 2, at, (3 E L. The following theorem is well-known (cf. [7]): 

Theorem 4.10. For an even lattice L, the sequence 

1 — ► Hom(L, Z 2 ) — >Aut L — > Aut L — > 1 

is exact. In particular Aut A = 2 24 • Co . 

Recall that 9 is the automorphism of V\ defined by 

0(ai(-m) • ■ ■ a k {-n k )e a ) = {-ifa^-n^ ■ ■ ■ a k (-n k )6(e a ), 

where 9(a) = a~ 1 K ( ~ a ' a ^ 2 on L. 

Lemma 4.11. ([\15\J) Let L be a positive definite even lattice without roots, i.e., L(l) = 0. 
Then the centralizer Cxutv L (@) of 9 in Aut Vl is isomorphic to AutL. If L = A is the 
Leech lattice, we have 

C AutVA (9)^AutA^ 2 24 -Co . 
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Proposition 4.12. Let E = Ep{0) = V2E 8 be a sublattice of A and e an Ising vector 
in V\ of the form <fi x ( e E)- Then r e G C Ant v A (9) an d ^ e image of ' r e under the canonical 
epimorphism from CAutv A (9)(= Aut A) to CAutv A (^)/Hom(A, Z 2 ) = Aut A = Coo is Eq. 

Proof. Since e is fixed by 9, it is clear that r e G Ca^Va^)- 

Let g be the image of r e under the canonical epimorphism from Aut A to Aut A. Let 
B = {a G A | (a, (3) = for all (5 G E} be the orthogonal complement of E in A. Then B 
is isomorphic to the Barnes- Wall lattice BWi6 (cf. [3, ED])- By the definition of e, e\V = 
for all v eVb- Hence r e | Vs = id but r e acts as 9 on Ve by Theorem 13.51 Thus g acts as 1 
on B and —1 on E. As E = Ep{0\ we have g = Eq as desired. □ 

Theorem 4.13. (f[lh\]) Let V£ = {v G V A \ 9(v) = v} be the fixed point subVOA of 9 in 
V A . Then Aut V£ ^ C A utv A {9)/ (9) = 2 24 • c °i and the sequence 

1 — ► Hom(A,Z 2 ) — > Aut1/+ Aut A/(±l) — ► 1. 

5. Ising Vectors in the Z 2 -orbifold VOA 

In this section, we shall describe the Ising vectors in V^" and discuss the corresponding 
symmetries of the moonshine VOA V\ 

5.1. Characterization of Ising vectors in V A . In [TT] . all Ising vectors in the VOA 
y^2 R has been characterized for a root lattice R as follows. 

Proposition 5.1. Let R be a root lattice. Then any Ising vector in V^ R is either 

equal to ur^a) for some a G \/2R of norm 4 or ^(eg?) for some sublattice E of \[2R 
isomorphic to \/2E 8 and x G \E. 

Note that LO^ipi) G V% a = V^- and that (p x (eE) G V£ — • I ts generalization was 

given in [TT] as a conjecture. 

Conjecture 5.2. Let L be an even lattice L without roots. Then any Ising vector ofV^ 
belongs to a subVOA for some sublattice U of L isomorphic to y/2A]_ or \/2E 8 . 
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We shall show that the conjecture holds when L is isomorphic to the Leech lattice A. 
First let us recall a result from 

Lemma 5.3. pH Lemma 3.7] Let V = ®Zo V n be a VOA with V = CI, Vy = 0. Suppose 
that V has two Ising vectors e, f and that e is of a -type, i.e., r e = id on V. Then e is 
fixed by Tf, namely e G V Tf . 

Let us discuss Ising vectors of V£~ and the associated Miyamoto involutions. 

Lemma 5.4. Let L be an even lattice of rank n without roots. Let U be the sublattice of 
L generated by L(2). Suppose that U = y2R for some root lattice R of rank m. Then 
any Ising vector ofV^ belongs to Vjj. 

Proof. Let U 1 - = {a G L | (a,/3) = for all /3 G U} be the orthogonal complement of U 
in L. Let f) = C® Z U and hi = Ctg^f/- 1 . Then h = C<g> z L = h J- f)i- Since the weight 2 
subspace of {V^) 2 is equal to the weight 2 subspace of [S(t)~) ®C{U}} + = [Vu <g> S(fyi)] + , 
we know that any Ising vector e of V£ must be in [Vu <8> S(t)i)] + . 

Let U' = (v^Ai)" 1 -" and K = U JL £/'. Then both L and are of rank n and we can 
identify C ®% K with h and C ®z C/' with hi. Then the lattice VOA Vk is given by 

V K = 5(6") <g> C{fT} s ) ® S(f)r) ® C{C/} <8> C{C/'}, 

which contains Vu £g> S(f)i) as a subalgebra. Hence, we can view the Griess algebra of V£ 
as a Griess subalgebra of V^, also. Thus by Proposition 15. 11 e G or e G as Kj V2 
is isomorphic to a root lattice. It follows that e G as there is no Ising vector in S(f)\~). 

□ 

Lemma 5.5. Let L be an even lattice without roots and e an Ising vector of V^ ■ Then 
the automorphism r e belongs to C*Aut v L {&) / (&) ■ I n particular, r e G Aut L/{9). 

Proof. We view r e as an automorphism of Vl- Since 9 fixes e, we have 9r e 9 = r e ^ = r e , 
which proves this lemma. □ 

Since C xutv A (9) / (9) = 2 24 • Coi, it suffices to consider the two cases: £(r e ) = 1 and 
£(r e ) 7^ 1, where £ : C xutv A {9) / (9) — > Coi denotes the natural epimorphism. First, we 
study the case £(r e ) = 1 for general L. 
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Proposition 5.6. Let L be an even lattice without roots and let e be an Ising vector of 
V£ ■ Suppose that £(r e ) = 1. Then e is equal to cj ± (a) for some a £ L(2) or <p x {ze) for 
some E C L isomorphic to \/2Eg and x £ \E. 

Proof. By Lemma IBT51 r e £ C^utvi (#)/(#)• By the assumption, r e = <yj„ for some t> £ 
L*/2L*. Then e £ (V^)^ and by Proposition O (V^)^ = V£, where L„ = {u £ L | 
(u, w) £ 2Z}. Note that e is of a-type in V£ ■ Set A = {r w ±^ | a £ L„(2)). By Lemma 
EM e £ (V L + J A . Moreover (V+) A = V^ + , where L v = {u E L v \ (u,w) £ 2Z, Vw £ L v {2)}. 
Let £7 be the sublattice generated by L v {2). In this case, (l/y/2)U is isomorphic to a root 
lattice. Thus, by Lemma \5M e £ V{j and e = to ,± (a) for some a £ L v (2) or e = <p x {^e) 
by Proposition 15.11 □ 
Next, we consider the case £(r e ) 7^ 1 for general L. 

Lemma 5.7. Let L be an even lattice without roots. Let e be an Ising vector in V£ such 
that £(r e ) 7^ 1 and let g £ AutL be a lift of £(r e ). T/ien e £ Vj, 2 iv( e)*> where N(e) is the 
sublattice generated by {v £ L(2) | (7(f) = ±t?}. 

Proof. Set Z7* = {u e £r I = (-l)V} (i = 0, 1) and C/ = C/° © C/ 1 . Since for A £ L 
both A + (7(A) and A — g(X) belong to U, we have 2L C U . Consider the coset L/U C 
((U ) 1 © © U 1 ) and the canonical projections A £ L/U to A* £ (U^/U* for 

i = 0.1. Then we obtain the decomposition 

cv?r-= © ^ 

Ao+AieL/l/ 

where is the T e #-fixed point subspace of Va +{/ and V£° +u is the r e -fixed point 

subspace of V^+u^ Set A = {t w ±^ \ a £ U{2)). Then iV(e) is a sublattice of L 
generated by U{2) and A = (ip a \ a £ N(e)). Since e is of cr-type in (V L l ~) Te , e £ 
(y +)<r e ,A) = (y+ mN{e) ,y* C K+ n2iV(e) , by LemmaEl □ 

We apply the lemma above to characterize Ising vectors of . Let e be an Ising vector 
in such that £(r e ) 7^ 1. Then by Proposition I4.5[ the conjugacy class of £(t 6 ) £ Co\ is 
2 A or 2C since r e is an involution in Aut V^. Hence, we should consider these two cases. 
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Proposition 5.8. Let e be an Ising vector in . Suppose that £(r e ) belongs to the 
conjugacy class 2A of Co\. Then N(e) = E © E' and e = Lp x (eE), where E = V2E 8 , 
E' = BWi 6 and x G \E . 

Proof. By Proposition I4.5[ £(r e ) = Eq or e^+o for some octad O. Thus, by Theorem 14.41 
N(e) = E®E', where E = V2E 8 and E' = BW 16 . Then A n 2N(e)* S ^2E 8 © 2BW* 6 . 
By LemmaEZl e G V% „ . Since 2BW* = v^BW^, we have 2BW* (2) = 0. Then 

\/2-C/802rSW-Lg ±u iu 

by Lemma [5.41 e G Vg . Hence by Proposition 15.11 e = uj^{a) or ^.(ejg). By Proposition 
13.21 e must be ip x {eE) for some x G |.E as £(r e ) ^ 1. □ 

Proposition 5.9. There is no Ising vector e in such that£(r e ) belongs to the conjugacy 
class 2C of Co\. 

Proof. Let e be an Ising vector in V^" such that £(r e ) belongs to the conjugacy class 2C of 
Co 1 . By Theorem IU and Proposition 031 JV(e) = V2D 12 © y/2D 12 . Then A n 2N(e)* = 
V2D+ A . By Lemma EH e G V% + . Since the set of norm 4 vectors in y/^D^ generates 

V2-ZJ 2 4 

-^2-024, e belongs to . Note that there is no sublattice of V2D24 isomorphic to 

\/2E 8 . Hence, by Proposition 15.11 e = co ,± (o;) for some a G \/2D 2 i(2). In this case, 
£(r e ) = 1 by Proposition 13.21 which is a contradiction. □ 

Therefore, the conjecture holds when L is isomorphic to the Leech lattice. In particular, 
there are exactly 2 types of Ising vectors in V£, namely, dj ± (a) for some a G A(2) or ^ x {^e) 
for some sublattice E = \[2E 8 and \x G E 

Since Co$ is transitive on A(2), for any a G A(2), there is a sublattice E = \/2E 8 such 
that a G E. Therefore we also have 

Theorem 5.10. Let A be the Leech lattice. Then for any Ising vector e in V£ , there is 
a sublattice E = V2E 8 such that e G V% . 

As a corollary, we can count all Ising vectors in V£ . 

Corollary 5.11. There are exactly 11935319760 Ising vectors in the VOA V£ . 

Proof. Since A has exactly 196560 vectors of squared norm 4, there are 196560 Ising 
vectors of the form o; ± (a),a G A(2). By Proposition 14. 8[ any sublattice isomorphic to 
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V2E 8 is determined by an 8-frame of A and an octad. By Lemma 14.91 there are exactly 

, {0eC ,| M , x m XT L. 759 x — X J_. 46621575 

sublattices isomorphic to y/2E s . Thus, there are 11935123200( = 46621575 x 256) Ising 
vectors of the form tp x ( e E)- Therefore, there are totally 11935319760 Ising vectors in 
V+. □ 

Corollary 5.12. None of the Ising vectors in is of a -type, namely V e {-^) ^ for any 
Ising vector e G . 

Proof. Let e be an Ising vector in V^. Then by Theorem 15. 1U[ e = uj^{a) or e = <p x ( e E), 
and r e is not of a-type by Proposition 13.21 and 14.121 respectively. □ 

Let us consider the correspondence between Ising vectors in and Miyamoto auto- 
morphisms. 

Proposition 5.13. Let e, / be Ising vectors in V^" such that r e = Tf G Aut . 

(1) Ife = uj ± (a) then f is equal to oj + (a) oru~{a). 

(2) If e = (f x {e.E) for some sublattice E = V2E 8 of A and x G \E then f = e. 

Proof. First we suppose that e = to ,± (a). Then by Proposition 13.21 and 14.121 / = ^ ± (/3) 
for some (3 G A(2), and (@,v) = (a,v) mod 2 for all v G A. Since A is unimodular, 
(3 G a + 2A, and (1) follows. 

Next we suppose that e = tp x { e E)- By Proposition 13.21 and 14.121 / must be (p y (e.E) for 
some y G \E. Then 

T e Tf = f 2 (x+y) = id 

since i>„(e B ) = ^>2vTe E for v G \E. Recall that if u G E satisfies (u, A) G 2Z then u G 2E. 
Hence 2(x + y) G 2E, namely y G x + E, and we obtain e = f. □ 

At end of this subsection, we give some applications to Ising vectors in the moonshine 
VOA V* = 1/ A + © 1/ A T ' + . Let z be the linear map of acting as 1 and —1 on V£ and V K ' + 
respectively. Then z is an automorphism of V^. 

Lemma 5.14. Let a G A(2). Then t u + ( Q ) t w - ( a ) = z on 
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Proof. Set g = r w +( a )T w -( Q ). By Proposition 13.21 g = 1 on Since the V^-module V A ' 
is irreducible, g must be 1 or -1 on V) 



t,- 

A 



Suppose that g — 1 on V^. Let F = {ai = a, «2, • ■ ■ , ^24} be a 4-frame of A 
containing a (cf. Lemma f4.3p and T = {^(ai), . . . ,co ,± (a24)} the Virasoro frame of 
associated with F. Let (C, -D) be the structure code of with respect to T, namely C 
and D are the binary codes of length 48 such that V° is a code VOA associated with C 
and V 11 = ®deDV d -, where V d is an irreducible ^°-module whose y^-word is d G D (cf. 
[H E]). By the assumption, for any codeword d G D, its components corresponding to 
u + (a) and c<j~(a) are the same. Therefore, the binary word (1100 • • -00) G D ± . Since 
is holomorphic, D L = C. Hence C contains a codeword of weight 2, which contradicts 
Vi =0. Hence g = — 1 on V^' + , which completes the lemma. □ 

Proposition 5.15. None of the Ising vectors in is of a -type, namely V e (-^) 7^ for 
any Ising vector e E VK 

Proof. Let a G A (2). Then t a \T^- i a \ = z by the above lemma. Now suppose that e is 
of cr-type. By Lemma T5.3[ e G (\Z^)^ + («)' T "-(«)^ c (T^) 2 = and hence e is of a-type in 
V£, which contradicts Corollary 15.1 2[ □ 

Proposition 15.131 and Lemma 15.141 show that the map e 1— > r e from Ising vectors in 
V^" C \^ to Aut is injective. 

Proposition 5.16. Let e, f be Ising vectors in such that r e = Tf on VK Then e = f . 

5.2. The centralizer of r e in C\ ut vi{z). In this subsection, we shall determine the 
centralizer of r e in C\ ut (z) for any Ising vector e in V£ . Note that there are exactly 
2 types of Ising vectors in V£ , namely, co ,± (a) for some a G A(2) or <p x (eE) for some 
sublattice E = y/2E 8 and x G \E. 

By a group of type 2 n+m , we mean a group H for which there exists an exact sequence 

1 -> Z™ -> # -> Z™ -> 1 

which does not necessarily split. A group G of type 2™ lH hnfc can be defined inductively 
by the exact sequence 

\ _> 2™ lH — h ™ fe - 1 ) (7 ) 2 nfc — ¥ 1 
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First, we consider Ising vectors in V A associated with norm 4 vectors in A. 

Lemma 5.17. The centralizer of z in Aut has the structure 2 l+2A .Co\. 

Proof. Note that V* = V£ © V A ' + is a simple current extension^ V A and that for any 
automorphism g G Aut V A , the (^-conjugate module go V A ' , i.e, go V A ' — V A ' as vector 
spaces and the vertex operator Y g is defined by Y g (u,z) = Y(g~ 1 u, z), is isomorphic to 
V A ' + itself. In other word, V A ' + is preserved by Aut V A . Hence the following sequence is 
exact (cf. [15]): 

l-(z)-C Alltv *(z) AAut^+-l. 

□ 

Theorem 5.18. Let a G A(2) and e G {±}. Set e = u e (a). Then there is an exact 
sequence 

1 - {v?/3 G Hom(A,Z 2 ) | (f3,a) G 2Z} -> C Avtn (z,T e )/(z) -> Co 2 -> 1. 
In particular, the centralizer C AutV b(r e , z) has the structure 2 2+22 .Co 2 . 

Proof. By Proposition 15.171 C Aut (z) / (2) = AutV^. It follows from Proposition 15.161 
that C AutV t,(z, r e )/ (z) is isomorphic to the stabilizer Stab Aut v + (e) of e in Aut V A . 

We view r e as an automorphism of and consider the exact sequence in Theorem 

KM 

1 — ► Hom(A, Z 2 ) — ► Aut Aut A/(±l) — ► 1. 

It follows from Proposition 13.21 that r e = (p a G Hom(A, Z 2 ) for some a G A. 

For {pp G Hom(A,Z 2 ), /3 G A, it is easy to see that ^(^(a)) = u; ± (a) if G 2Z, 

and <^ /3 (c<j ± (a)) = u; T (a) if (a,/3) G 2Z + 1. Hence Hom(A, Z 2 ) n Stab Auty +(e) = G 
Hom(A,Z 2 ) I G 2Z} = 2 23 . 

Let g be an element in Aut V A fixing e. Then g((p a ) = f^( g )(a), hence £(g) G Stabc 01 (a+ 

2A) = Co 2 . Conversely, let p G Aut be a lift of an element in Co 2 . Then p(e) = u) + (a) 

1 An irreducible module M of a simple VOA J7 is said to be a simple current module if the fusion 
product M Xu W is also irreducible for all irreducible [/-module W. A VOA V is a simple current 
extension of a sub VOA U if V is a direct sum of simple current modules of U. 
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or u~(a). If p(e) ^ e then p o </? 7 (e) = e, where 7 G A such that (7, a) G 2Z + 1. This 
shows that £(Stab Autv +(e)) = Co 2 . 
Thus we obtain an exact sequence 

1 -> G Hom(A,Z 2 ) I (/?,«) G 2Z} -> Stab Aut y + (e) -> Co 2 -> 1. 

Since {(fp G Hom(A, Z 2 ) | {ft, at) G 2Z} = (T w +(m | a) G 2Z) in AutV^, we have 

li-\{(pp G Hom(A,Z 2 ) I (J3,a) G 2Z}) = (^r w+09) | (ft a) G 2Z) 

c0 2 (C Autyt ( Z ))-2f 

in Aut V^, where /i is the natural epimorphism Cx u tv^( z ) ~^ ^Aut ( z ) I ( z ) — Aut V\- 

It is clear that z and r e are in the center of C Autv t,(r e , z). Hence /x _1 ({(^ J a G Hom(A, Z 2 ) | 
(/3, a) G 2Z}) is of shape 2 2+22 , which proves this theorem. □ 

If e = <Px(^e), h comes out that the centralizer of r e in Cxutv^z) a l so stabilizes the 
VOA c V£. 

Proposition 5.19. Let E be a sublattice of A isomorphic to \/2E 8 and let x G \E . Set 

e = ip x (eE)- Then C Autv +(r e ) stabilizes V£ . Moreover, C^utv^ ( T e, z ) stabilizes . 

Proof. Let JF and O be an 8- frame and an octad such that E = Ep(0). Then by 
Proposition 14.121 we obtain the exact sequence 

1 - {/„ G Hom(A,Z 2 ) I (a,E) G 2Z} - C AutV +(r e ) - C Coi (4) - 1- 

Since CcoA^o) preserves E, £?Autv+( r e) stabilizes V% . It follows from Lemma 15.171 and 
z = id on that C AvLt vit(T e , z ) preserves V£ . □ 

In order to determine the centralizer C AutV t,(r e , z) of r e and z in Aut V\ we need the 
following lemma. 

Lemma 5.20. Let E be a lattice isomorphic to Vz-Es- Then the stabilizer of ce in the 
subgroup Aut Ej (6) of Aut V£ is isomorphic to AutE/(-l) = 0+(8,2). 

Proof. Since (E,E) C 2Z, kutE/(6) is a split extension of Aut E/(-l) by Bom(E, Z 2 ) 
(cf. [7]). Clearly for (p a G Hom(£', Z 2 ), <f a { e E) = if and only if ip a = 1. By the 
definition of eg, the subgroup Aut E/(—l) fixes e#. □ 
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Theorem 5.21. Let E be a sublattice of A isomorphic to ^/2E 8 and x a vector in ^E. 
Set e = tp x {cE)- Then the centralizer C Aut ^ (r e , z) has the structure 2 2+8+16 .Sl + (8, 2). 

Proof. By Proposition l5.19l C Aut v t, (r e , z) / (z) is a subgroup of the stabilizer Stab Aut v + (Vg~) 
of V+ in Aut V+. 

Let us describe Stab Aut v +(Vg). It follows from Proposition 13.21 that Hom(A, Z 2 ) is 
a subgroup of Stab Aut v + ( V%) . Let g G Stab AutV +(Vg ). Then £(g) preserves E in A. 
Conversely, any element in Co\ preserving E lifts to an element of Stab Auty +(V^"). Hence 

1 -> Hom(A,Z 2 ) -> Stab Auty +(V^) -> Stab Coi (F) -> 1 

is exact. We note that Stabcoi(F) has the shape 2 1+8 • f2 + (8,2) and that its subgroup 
acting on E by ±1 is the maximal normal 2-subgroup O^Stabco^E)) = 2 1+s . Clearly, 
r e is a lift of the central element of Stabc 01 (F) of order 2. 

Let F be the subgroup of Stab Autv n-(Vg") acting trivially on V% . Then the following 
sequence is exact: 

1 — > { f a G Hom(A,Z 2 ) | (a,E) G 2Z} -> F -> 2 (Stab Coi (F)) -> 1. 

In particular, F = 2 16 .2 1+s . Consider the orthogonal compliment F of F in A. Then F 
acts on Vg" and, the subgroup Q of F acting trivially on Vg" is described by the following 
exact sequence 

U{/ a G Hom(A, Z 2 ) | (a, B © F) G 2Z} -> Q -> Z(Stab Coi (F)) -> 1. 

It is easy to see that {f a G Hom(A, Z 2 ) | (a,B®E) G 2Z} = {/„ | a G F} = 2 8 and 
Z(Stab Coi (F)) = Z 2 . Clearly, r e G Q and r e ^ Hom(A,Z 2 ). Hence Q = 2 9 . Note that 
H~ l {Q) — { z i T uj+{a), T e | a G F) = 2 10 . Since Q is normal in F, we obtain F = 2 9+16 and 
^(F) = 2 10 + 16 . 

The group Stab Auty +(V / B f )/F = 2 8 .fi + (8,2) acts faithfully on Vg, and we view this 
group as a subgroup of Aut (E)/(9) = 2 8 : + (8,2). By Lemma [5.201 the stabilizer of r e 
in this group is isomorphic to Aut(F)'/( — 1) = f2 + (8,2). Thus we obtain the following 
exact sequence: 

1 _> F _> Stab Autv+ (e) - Aut (F)'/(-l) - 1. 
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Hence C^ utv ^(T e , z) = /i -1 (Stab Aut y+(e)) has the structure 2 10+16 .O J + (8, 2). Since z and 
r e are in the center, C^utv^ ( r e, z) has the shape 2 2+8+16 .f2 + (8, 2) □ 

Remark 5.22. On the setting of the theorem above, C AutV ^(r e , z) acts on V% as fi + (8, 2), 
which is the quotient of the commutator subgroup of the Weyl group of E 8 by its center. 
This result explains the 1A case of an observation by Glauberman and Norton, which 
describes some mysterious relations between the centralizer of z and some 2A elements 
commuting z in the Monster and the Weyl groups of certain sublattices of the root lattice 
of type E 8 (cf. Section 4 of [9]). 

Remark 5.23. By jU [13], an involution of the Monster is of type 2A if and only if it is 
a r-involution. Hence if e = ur^a), then z and r e generate a Klein's four group of type 
(L4, 2A, 2A, 2B) in the Monster because (r e ,z) = {1, r^+^ a ), r^-^), z} by Lemma f5.14l 
On the other hand, if e = ^(eg), then z and r e will generate a Klein's four group of 
type (1A,2A,2B,2B) because (r e , z) = {1, r e , zr e , z) and zr e is not a r-involution by 
Proposition 15.131 
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